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FKRRVLQJ DPRQJ PD[LPDOV
Mrvhs H1 Shulv dqg Ehjr￿d Vxel}d
ZS0DG <:04<
Fruuhvsrqghqfh= Mrvhs H1 Shulv ) Ehjr￿d Vxel}d1 Ghsduwphqw ri Hfrqrplfv1
Xqlyhuvlw| ri Dolfdqwh1
363;3 Dolfdqwh1 Vsdlq1 h0pdlo= shulvCphuolq1idh1xd1hv
Hglwru= Lqvwlwxwr Ydohqfldqr gh Lqyhvwljdflrqhv Hfrq￿plfdv/ v1d1
Iluvw Hglwlrq Rfwxeuh 4<<:
LVEQ= ;707;5049390:
Ghs￿vlwr Ohjdo= Y0744504<<:
LYLH zrunlqj0sdshuv r￿hu lq dgydqfh wkh uhvxowv ri hfrqrplf uhvhdufk xqghu
zd| lq rughu wr hqfrxudjh d glvfxvvlrq surfhvv ehiruh vhqglqj wkhp wr vflhqwl￿f
mrxuqdov iru wkhlu ￿qdo sxeolfdwlrq1
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- Ilqdqfldo vxssruw iurp wkh Vsdqlvk GJLF\W/ xqghu surmhfw SE<50
3675 dqg iurp wkh LYLH/ lv dfnqrzohgjhg15
FKRRVLQJ DPRQJ PD[LPDOV
Mrvhs H1 Shulv dqg Ehjr￿d Vxel}d
DEVWUDFW
Lq d fkrlfh vlwxdwlrq/ lw lv xvxdoo| dvvxphg wkdw wkh djhqwv vhohfw wkh
pd{lpdo hohphqwv lqdffrugdqfh zlwk wkhlu suhihuhqfh uhodwlrq1 Qhyhuwkhohvv/
wkhuh duh vlwxdwlrqv lq zklfk d vhohfwlrq lqvlgh wklv pd{lpdo vhw lv qhhghg1
Lq vxfk d vlwxdwlrq zh fdq vhohfw udqgrpo| vrph ri wkhvh pd{lpdo hohphqwv/
ru zh fdq fkrrvh dprqj wkhp dffruglqj wr wkh ehkdylru ri wkhvh pd{lpdo
hohphqwv1 Lq rughu wr looxvwudwh wklv/ ohw*v lpdjlqh d suhihuhqfh uhodwlrq ￿>
gh￿qhg rq d ￿qlwh vhw D @ i{￿>{ 2>===>{ ?j> vxfk wkdw {￿ lv lqgl￿huhqw wr hdfk
dowhuqdwlyh dqg {2 lv vwulfwo| suhihuuhg wr hyhu| {￿>l ￿ 6= Erwk {￿ dqg {2
duh pd{lpdo hohphqwv/ exw zh fdq vd| wkdw {2 lv d ￿ehwwhu pd{lpdo￿ wkdq
{￿1 Lq wklv sdshu zh gh￿qh vhohfwlrqv ri wkh vhw ri pd{lpdo hohphqwv ri d
suhihuhqfh uhodwlrq e| fkrrvlqj wkh ￿ehwwhu￿ rqhv dprqj wkhp1
MHO fodvvl￿fdwlrq= G44
Nh|zrugv= elqdu| uhodwlrq/ pd{lpdo hohphqwv/ grplqdwhg hohphqwv6
4 Lqwurgxfwlrq
Lq fkrlfh wkhru|/ zkhq zh dqdo|}h wkh olwhudwxuh ghdolqj zlwk suhihuhqfhv/
lw lv xvxdoo| dvvxphg wkdw wkhvh suhihuhqfhv fdq eh wudqvodwhg lqwr fkrlfhv1
Lqghhg/ d ixqgdphqwdo dvvxpswlrq frqvlvwv ri dvnlqj wkh djhqw wr fkrrvh
wkh pd{lpdo hohphqwv ri klv suhihuhqfh uhodwlrq lq hyhu| ihdvleoh vhw1 Exw/
vrphwlphv/ d vhohfwlrq zlwklq wkh pd{lpdo vhw lv qhhghg1
H{dpsohv lq zklfk wkh fkrlfh pxvw vhohfw vrph ri wkh pd{lpdo hohphqwv
duh fohdu1 Iru lqvwdqfh +vhh Ilqh +4<<8,,/ ￿wkhuh pd| eh frpsohwh lqgl￿huhqfh
ehwzhhq wkh vw|ohv ru froruv ri d qxpehu ri lwhpv ri forwklqj/ exw rqo| rqh
lwhp zloo eh fkrvhq iru zhdu￿1 Ru/ iru lqvwdqfh/ wkhuh pd| eh frpsohwh
lqgl￿huhqfh ehwzhhq vhyhudo phqxv lq d uhvwdxudqw/ exw rqo| rqh ri wkhp zloo
eh vhohfwhg iru glqqhu1 D gl￿huhqw h{dpsoh lv jlyhq e| srolwlfdo hohfwlrqv=
vhyhudo fdqglgdwhv ri wkh vdph sduw| +zklfk fdq eh lqgl￿huhqw iru dq hohfwru,
uxq iru d vhdw lq wkh Vsdqlvk Vhqdwh/ exw rqo| wkuhh ri wkhp fdq eh fkrvhq
e| hdfk hohfwru1
Zkhq wkh elqdu| uhodwlrq xvhg e| wkh djhqw wr vhohfw lv dq rughu/ wkh
sureohp lv vroyhg e| fkrrvlqj wkh vlqjoh pd{lpdo hohphqw +li n dowhuqdwlyhv
pxvw eh vhohfwhg/ wkh zd| wr gr lw lv wr fkrrvh wkh n0￿uvw hohphqwv,1 Vr/
rughuv uhsuhvhqw/ lq wklv vhqvh/ wkh ￿lghdo￿ suhihuhqfhv iru dq djhqw1 Li wkh
suhihuhqfh uhodwlrq lv d suhrughu/ wkh uhodwlrqvkls ehwzhhq wzr pd{lpdo hoh0
phqwv lv fohdu= wkhvh hohphqwv duh lqgl￿huhqw/ dqg li rqh ri wkhp lv suhihuuhg
wr vrph hohphqw/ vr lv wkh rwkhu1 Vr wkhvh hohphqwv duh/ lq vrph vhqvh/ ￿lghq0
wlfdo￿ dqg/ li vrph ri wkhp kdyh wr eh fkrvhq lw pxvw eh grqh lq d udqgrp
zd|1 Exw wklv ￿lghqwlfdolw|￿ dprqj wkh pd{lpdo hohphqwv grhv qrw krog
iru pruh jhqhudo elqdu| uhodwlrqv +vhplrughuv/ lqwhuydo0rughuv/ txdvlrughuv
ru df|folf uhodwlrqv,1 Frqvlghu wkh iroorzlqj h{dpsoh +vhh Oxfh +4<89,,= dq
lqglylgxdo suhihuv d fxs ri fr￿hh zlwk 53 judpv ri vxjdu exw/ ehfdxvh ri
wkh odfn ri vhqvlwlylw|/ kh lv qrw deoh wr glvwlqjxlvk ehwzhhq wzr fxsv zlwk d
gl￿huhqfh ri 5 judpv ri vxjdu1 Wklv suhihuhqfh uhodwlrq lv irupdoo| h{suhvvhg
dv iroorzv +{ ehlqj wkh dprxqw ri vxjdu lq d fxs ri fr￿hh,=
{ " | +, m{ ￿ 53m ? m| ￿ 53m￿5
wkhuhiruh wkh pd{lpdo hohphqwv duh jlyhq e| wkh lqwhuydo ^4;/55‘1 Qhyhuwkh0
ohvv/ klv ￿wuxh￿ suhihuhqfhv kdyh rqo| rqh pd{lpdo hohphqw {W @5 3 1W k x v /
wkh odfn ri shufhswlrq jlyhv ulvh wr d gl￿huhqfh ehwzhhq wuxh suhihuhqfh dqg
dfwxdo fkrlfh +vhh Ilqh +4<<8,,17
Frqvlghulqj Oxfh*v h{dpsoh/ li wkhuh duh rqo| vl{ srvvlelolwlhv wr fkrrvh
iurp +wkuhh fxsv ri fr￿hh zlwk 53 judpv ri vxjdu/ dqg wkuhh pruh zlwk 48
judpv,/ wkh pd{lpdo vhw lv jlyhq e| wkh ￿uvw wkuhh/ dqg pruhryhu/ hyhu|
pd{lpdo hohphqw lv ￿frpsohwho| lghqwlfdo￿ wr hdfk rwkhu +qrwh wkdw/ lq wklv
fdvh/ wkh elqdu| uhodwlrq lv d suhrughu, dqg lw grhvq*w pdwwhu zklfk rqh lv
vhohfwhg +lq idfw/ wkh djhqw fdq pryh iurp rqh pd{lpdo wr dqrwkhu lqgl￿huhqw
dowhuqdwlyh zlwkrxw orvlqj xwlolw|,1 Exw li wkh vl{ fxsv ri fr￿hh frqwdlq 53/
4</111/48 judpv ri vxjdu/ +lq wklv fdvh/ wkh elqdu| uhodwlrq lv qrw d suhrughu,/
uhvshfwlyho|/ wkh pd{lpdo vhw lv dfklhyhg djdlq e| wkh ￿uvw wkuhh/ exw qrz
wkh pd{lpdo hohphqwv duh qrw ￿lghqwlfdo￿= wkh| duh sk|vlfdoo| gl￿huhqw/ dqg/
lq whupv ri suhihuhqfhv/ wkh djhqw frxog orvh li kh pryhv iurp rqh dowhuqdwlyh
wr dqrwkhu zklfk lv lqgl￿huhqw wr lw ehfdxvh/ diwhu vhyhudo pryhv/ kh fdq hqg
xs zlwk d qrq0pd{lpdo hohphqw1
Wkh qrwlrq ri ￿lghqwlfdo￿ dowhuqdwlyhv +lq whupv ri suhihuhqfhv,/ ru dowhu0
qdwlyhv zlwk ￿lghqwlfdo ehkdylru￿/ kdv ehhq zhoo ghvfulehg lq wkh gh￿qlwlrq ri
htxlydohqw hohphqwv jlyhq lq Ilvkexuq +4<:3,1 Li wzr dowhuqdwlyhv duh htxly0
dohqwv/ lw lv qrw srvvleoh wr glvfulplqdwh dprqj wkhp/ dqg wkh rqo| zd| ri
fkrrvlqj lv wr vhohfw udqgrpo| dprqj wkh pd{lpdov1 Li wkh dowhuqdwlyhv lq
wkh pd{lpdo vhw duh qrw ￿lghqwlfdo￿/ zh fdq orrn dw wkh ehkdylru ri wkhvh
hohphqwv1 Iru lqvwdqfh/ frplqj edfn wr Oxfh*v h{dpsoh/ ohw*v dqdo|}h zkdw
kdsshqv zlwk wkh pd{lpdo hohphqwv ^4;/55‘= doo ri wkhp duh lqgl￿huhqw/ exw
d gl￿huhqfh zlwk wkh fdvh ri suhrughuv dsshduv= 53 judpv ri vxjdu duh suh0
ihuuhg wr 4:/ exw 4; judpv ru 4: duh lqgl￿huhqw> lq rwkhu zrugv/ wkh ehkdylru
ri wkh pd{lpdo hohphqwv zlwk uhvshfw wr wkh rwkhu hohphqwv lv qrw lghqwlfdo1
Wklv idfw looxvwudwhv d zd| ri vhohfwlqj/ iurp wkh vhw ri pd{lpdo hohphqwv/
wkrvh zklfk duh ￿ehwwhu￿/ lq wkh vhqvh wkdw wkh| kdyh d ￿pd{lpdo ehkdylru￿
zlwk uhvshfw wr wkh qrq pd{lpdo hohphqwv1
Qrz/ ehdulqj lq plqg wkh deryh0phqwlrqhg frqvlghudwlrqv/ zh sursrvh
gl￿huhqw vhohfwlrqv ri wkh vhw ri pd{lpdo hohphqwv ri d elqdu| uhodwlrq dqg
dqdo|}h frqglwlrqv zklfk hqvxuh wkh qrq0hpswlqhvv ri wkhvh vhohfwlrqv1 Wkh
￿uvw vhohfwlrq zh suhvhqw lv wdnhq iurp Oxfh +4<89,/ dqg lw lv hvshfldoo| lq0
glfdwhg zkhq wkh elqdu| uhodwlrq lv d vhplrughu1 Diwhu vkrzlqj wkdw wklv
zd| ri vhohfwlqj lv qrw dghtxdwh iru pruh jhqhudo fdvhv ri elqdu| uhodwlrqv/
zh sursrvh/ lq Vhfwlrq 6/ wkh vhw ri xqgrplqdwhg pd{lpdov +hvshfldoo| lq0
glfdwhg lq wkh fdvh ri lqwhuydo0rughuv,/ dqg wkh vhw ri vwurqj pd{lpdov iru
pruh jhqhudo elqdu| uhodwlrqv +Vhfwlrq 7,1 Wkh dqdo|vlv ri wkh htxlydohqfh
dprqj wkh vhohfwhg pd{lpdo hohphqwv +lq Ilvkexuq*v whupv/ dqg e| xvlqj
d jhqhudol}dwlrq ri wklv qrwlrq, vkrzv wkdw/ li qhhghg/ d vhohfwlrq zlwk ohvv
hohphqwv wkdq wkrvh jlyhq e| xqgrplqdwhg dqg vwurqj pd{lpdov/ lw pxvw eh
grqh udqgrpo| dprqj wkhp1 Zh forvh wkh sdshu zlwk vrph ￿qdo frpphqwv18
5 Suholplqdulhv
Wkurxjkrxw wkh sdshu D @ i{￿>{ 2>===>{?j uhsuhvhqwv wkh +￿qlwh, vhw ri do0
whuqdwlyhv dqg ￿ d uh h{lyh elqdu| uhodwlrq gh￿qhg rq D1I u r p￿ wkh wzr
iroorzlqj uhodwlrqv +wkh v|pphwulf dqg dv|pphwulf sduw/ uhvshfwlyho|, duh
gh￿qhg dv iroorzv
lqgl￿huhqfh= { ￿ | / { ￿ |d q g|￿ {
vwulfw suhihuhqfh= { " | / { ￿ | dqg qrw+| ￿ {,
Wkh uh h{lyh elqdu| uhodwlrq ￿ l vv d l gw re hdsuhrughu li lw lv frpsohwh
dqg zkhqhyhu { ￿ | ￿ } wkhq { ￿ }1 Li lq dgglwlrq { ￿ | lpsolhv { @ |> wkh
elqdu| uhodwlrq lv vdlg wr eh dq rughu1 Lw lv vdlg wr eh dq lqwhuydo0rughu li lw
lv frpsohwh dqg zkhqhyhu { " | ￿ } " w wkhq { " w1 Li lq dgglwlrq zkhqhyhu
{ " | " }/ iru dq| w wkhq { " w ru } ! w> wkh elqdu| uhodwlrq lv vdlg wr eh d
vhplrughu1
Dq dv|pphwulf elqdu| uhodwlrq " lv vdlg wr eh d txdvlrughu li zkhqhyhu
{ " | " } wkhq { " }1 Ilqdoo|/ lw lv vdlg wr eh df|folf li zkhqhyhu {￿ " {2 "
=== " {& wkhq qrw+{& " {￿,= Wkh wudqvlwlyh forvxuh ri d elqdu| uhodwlrq ￿ lv
ghqrwhg e| "" dqg lv gh￿qhg dv xvxdo=
{ "" | /<{￿>{ 2>===>{ &3￿>{ & 5 D vxfk wkdw
{ @ {￿ " {2 " === " {&3￿ " {& @ |
Zkhq wkh lqlwldo uhodwlrq ￿ lv df|folf/ lwv wudqvlwlyh forvxuh wxuqv rxw wr eh
d txdvlrughu1
Wkh vhw ri pd{lpdo hohphqwv ri d elqdu| uhodwlrq ￿ gh￿qhg rq D zloo eh
ghqrwhg e|
P+D>￿,@i{W 5 D m C | 5 D zlwk | " {Wj
Ilvkexuq +4<:3, lqwurgxfhv dq htxlydohqfh uhodwlrq ￿ gh￿qhg iurp ￿ dv
iroorzv=
{ ￿ | li dqgrqo| li iru doo } 5 D>
￿
{ " }l i dqg rqo| li | " }
{ ! } li dqg rqo| li | ! }9
Wklv uhodwlrq h{suhvvhv wkh idfw wkdw wzr hohphqwv kdyh lghqwlfdo ehkdylru
zlwk uhvshfw wr wkh rwkhu hohphqwv lq wkh vhw ri dowhuqdwlyhv1 Lq jhqhudo/ wkh
pd{lpdo hohphqwv duh qrw htxlydohqw/ dv Oxfh*v h{dpsoh vkrzv1 Wkh qh{w
uhvxow vwdwhv frqglwlrqv xqghu zklfk wkh pd{lpdo hohphqwv duh htxlydohqw
+wkh hohphqwdo surri lv rplwwhg,1
Sursrvlwlrq 4 Ohw ￿ eh d frpsohwh dqg uh h{lyh elqdu| uhodwlrq gh￿qhg
rq wkh +￿qlwh, vhw D1 Wkhq/ li ￿ lv d suhrughu wkh pd{lpdo hohphqwv duh
htxlydohqw1
Lq Oxfh +4<89, d zd| ri vhohfwlqj dprqj wkh pd{lpdo hohphqwv ri d
elqdu| uhodwlrq ￿ lv suhvhqwhg e| gh￿qlqj d qhz elqdu| uhodwlrq iurp wkh
ruljlqdo rqh1
Gh￿qlwlrq 4 +Oxfh/ 4<89,1 Jlyhq wkh elqdu| uhodwlrq ￿ gh￿qhg rq D/ wkh
dv|pphwulf elqdu| uhodwlrq "Wlv gh￿qhg dv iroorzv= { "W | li dqg rqo| li
rqh ri wkh iroorzlqj vlwxdwlrqv lv ixo￿oohg
l, { " |
ll, { ￿ | dqg wkhuh lv vrph } 5 D vxfk wkdw { ￿ }>} " |
lll, { ￿ | dqg wkhuh lv vrph } 5 D vxfk wkdw { " }>} ￿ |
Wkhruhp 4 +Oxfh/ 4<89, Li wkh elqdu| uhodwlrq ￿ gh￿qhg rq D lv d vhplrughu/
wkhq ￿W +{ ￿W | / qrw+| "W {, lv d suhrughu1 Pruhryhu/ >9 @ P+D>￿W, ￿
P+D>￿,=
Gh￿qlwlrq 5 Ohw ￿ eh d frpsohwh dqg uh h{lyh elqdu| uhodwlrq gh￿qhg rq
D1 Zh gh￿qh Oxfh*v pd{lpdov dv wkh iroorzlqj vhw
OP+D>￿, @ P+D>￿W,=
Wkxv/ uhodwlrq ￿W jlyhv xv d zd| ri vhohfwlqj dprqj wkh pd{lpdo hohphqwv
dqg/ lq Oxfh*v vxjdu h{dpsoh lw surylghv wkh ￿wuxh￿ pd{lpdo=
OP+D>￿,@i53j=:
6 Xqgrplqdwhg Pd{lpdov
Wkh sureohp zlwk Oxfh*v vhohfwlrq lv wkdw Wkhruhp 4/ dqg wkhuhiruh wkh zd|
ri vhohfwlqj dprqj pd{lpdov/ grhv qrw uhpdlq ydolg zkhq uhodwlrq ￿ lv qrw
d vhplrughu1 Wkh iroorzlqj h{dpsoh vkrzv wklv idfw1
H{dpsoh 4 Ohw D @ id>e>f>g>hj dqg wkh df|folf elqdu| uhodwlrq ￿ gh￿qhg
e|=
d " e>e " f>g " d
+ehlqj lqgl￿huhqfhv wkh qrq phqwlrqhg uhodwlrqvklsv,1 Wkhq
P+D>￿,@ig>hj1
Rq wkh rwkhu kdqg/ uhodwlrq ￿W lv qrw d suhrughu +lq idfw lw lv qrw df|folf,
dqg/ lq wklv h{dpsoh/ P+D>￿W,@>1
Lq rughu wr gh￿qh d qrqhpsw| vhohfwlrq ri wkh vhw ri pd{lpdo hohphqwv
lq jhqhudo fdvhv/ zh lqwurgxfh wkh iroorzlqj dx{loldu| uhodwlrq1
Gh￿qlwlrq 6 Ohw ￿ eh d elqdu| uhodwlrq gh￿qhg rq D/ dqg ohw {>| 5 D1L w
lv vdlg wkdw dowhuqdwlyh { zhdn0grplqdwhv |/ { g |/l ii r uh y h u |} 5 D>
| " } , { " }
| ￿ } , { ￿ }
Zh ghqrwh e| G +grplqdqfh uhodwlrq, wkh dv|pphwulf sduw ri g/
{ G|/ { g | dqg qrw+| g {,
Lq rwkhu zrugv/ dq dowhuqdwlyh { zhdn0grplqdwhv vrph rwkhu dowhuqd0
wlyh | li lw kdv ￿ehwwhu ehkdylru￿ lq d sdluzlvh frpsdulvrq zlwk wkh rwkhu
hohphqwv lq wkh ihdvleoh vhw1 Wklv uhodwlrq lv vrphzkdw vlplodu wr wkh ￿fryhu0
lqj uhodwlrq￿ gh￿qhg e| Ploohu +4<::, dqg Ilvkexuq +4<::, iru wrxuqdphqwv
+frpsohwh dv|pphwulf elqdu| uhodwlrqv,/ dqg h{whqghg iru jhqhudo elqdu|
uhodwlrqv lq Vfkzduw} +4<;9,1;
Gh￿qlwlrq 7 Ohw ￿ eh d frpsohwh dqg uh h{lyh elqdu| uhodwlrq gh￿qhg rq
D1L wl vv d l gw k d wd qh o h p h q w{W lv dq xqgrplqdwhg pd{lpdo li
d, {W 5 P+D>￿,
e, {W 5 P+D>g,
Zh zloo ghqrwh e| XP+D>￿, wkh vhw ri xqgrplqdwhg pd{lpdo hohphqwv1
Iurp wklv gh￿qlwlrq/ lw lv reylrxv wkdw hyhu| xqgrplqdwhg pd{lpdo lv d
pd{lpdo hohphqw/ XP+D>￿, ￿ P+D>￿,1 Lq Oxfh*v h{dpsoh ri vxjdu lq d
fxs ri fr￿hh/ wkhuh lv rqo| rqh xqgrplqdwhg pd{lpdo/ {W @ 53= Lq h{dpsoh
4/ lw lv fohdu wkdw gGh / wkhuhiruh XP+D>￿, @ igj=
Wkh h{lvwhqfh ri pd{lpdo hohphqwv rq hdfk vxevhw ri D lv hqvxuhg e|
wkh df|folflw| ri wkh elqdu| uhodwlrq1 Wkh qh{w uhvxow suryhv wkdw wkh vdph
frqglwlrq hqvxuhv wkh h{lvwhqfh ri xqgrplqdwhg pd{lpdov1
Wkhruhp 5 Ohw ￿ eh d frpsohwh dqg uh h{lyh elqdu| uhodwlrq gh￿qhg rq
wkh +￿qlwh, vhw D1 Li wkh elqdu| uhodwlrq lv df|folf wkhq XP+D>￿, 9@ >=
Surri1 Li wkh uhodwlrq lv df|folf/ wkh vhw ri pd{lpdo hohphqwv P+D>￿, lv
qrw hpsw|1 Rq wkh rwkhu kdqg/ wkh vwulfw grplqdqfh uhodwlrq G lv df|folf
ehfdxvh g lv d wudqvlwlyh +qrw qhfhvvdulo| frpsohwh, elqdu| uhodwlrq> vr wkhuh
lv d pd{lpdo hohphqw ri wkh uhodwlrq G rq wkh vhw P+D>￿,= Fdoo {W vxfk
dq hohphqw dqg vxssrvh wkdw wkhuh lv vrph { 5 D vxfk wkdw {G{ W1D v
d uhvxow ri wkh fkrrvlqjr i{W/ wkh hohphqw { lv qrw pd{lpdo zlwk uhvshfw
wr wkh uhodwlrq ￿/ vr wkhuh lv | 5 D vxfk wkdw | " {>e x w{W ￿ | zklfk
frqwudglfwv {G{ W= Vr {W lv dq xqgrplqdwhg pd{lpdo hohphqw1
Wkh iroorzlqj uhvxow hqvxuhv wkdw wklv zd| ri vhohfwlqj dprqj pd{lpdo
hohphqwv lv dghtxdwh iru lqwhuydo0rughuv ehfdxvh lw dozd|v vhohfwv htxlydohqw
hohphqwv1
Sursrvlwlrq 5 Ohw ￿ eh d frpsohwh/ uh h{lyh dqg df|folf elqdu| uhodwlrq
gh￿qhg rq wkh +￿qlwh, vhw D1 Wkhq/ li ￿ lv dq lqwhuydo0rughu wkh hohphqwv
lq XP+D>￿, duh htxlydohqw1
Surri1 Ohw {W>|W 5 XP+D>￿,1 Li qr+{W ￿ |W, wkhq wkhuh lv } 5 D vxfk
wkdw {W " } dqg |W ￿ }1D v{W grhv qrw grplqdwh |W/ wkhuh lv }￿ 5 D vxfk
wkdw |W " }￿ dqg {W ￿ }￿1 Wkhq/ zh kdyh {W " } ￿ |W " }￿ dqg {W ￿ }￿
frqwudglfwlqj wkh idfw wkdw wkh uhodwlrq lv dq lqwhuydo0rughu1<
Xqgrplqdwhg pd{lpdov vroyh wkh sureohpv dulvlqj zlwk Oxfh*v pd{lpdov
vlqfh zh dozd|v fdq hqvxuh wkdw XP+D>￿, 9@ >1 Qhyhuwkhohvv/ zkhqhyhu wkh
elqdu| uhodwlrq ￿ lv pruh jhqhudo wkdq d vhplrughu ru dq lqwhuydo0rughu zh
fdq qrw hqvxuh wkdw zh duh fkrrvlqj htxlydohqw hohphqwv1 Wkh iroorzlqj
h{dpsoh vkrzv wklv fdvh1
H{dpsoh 5 Ohw D @ id>e>f>g>hj dqg wkh elqdu| uhodwlrq +txdvlrughu, ￿
gh￿qhg e|=
d " h>e " f>e " g>f " g
+ehlqj lqgl￿huhqfhv wkh qrq phqwlrqhg uhodwlrqvklsv,1 Wkhq/
P+D>￿,@XP+D>￿,@id>ej>
dowkrxjk d dqg e duh qrw htxlydohqw hohphqwv/ dqg dowhuqdwlyh e vhhpv ￿ehw0
whu￿ wkdq d/ lq wkh vhqvh wkdw e lv suhihuuhg wr pruh dowhuqdwlyhv wkdq d
lv1
Wkh iroorzlqj vhfwlrq lqwurgxfhv d pruh glvfulplqdwlqj vhohfwlrq ri wkh
vhw ri pd{lpdo hohphqwv1
7 Vwurqj Pd{lpdov
Rughuv fdq eh frqvlghuhg dv wkh ￿lghdo￿ suhihuhqfhv iru dq djhqw/ ehfdxvh
lq wklv fdvh kh zrxog eh deoh wr frpsohwho| glvfulplqdwh ehwzhhq dq| sdlu
ri dowhuqdwlyhv dqg fkrrvh mxvw rqh ri wkhp1 Exw wkh odfn ri vhqvlwlylw| ru
wkh lpsrvvlelolw| ri nhhslqj hyhu| rswlrq lq plqg/ ohdgv wr zhdnhu fodvvhv
ri suhihuhqfhv1 Li zh ghdo zlwk txdvlrughuv ru df|folf uhodwlrqv/ d srvvleoh
lqwhusuhwdwlrq ri vxfk d suhihuhqfh lv wr frqvlghu wkdw wkh djhqw uhyhdov vwulfw
suhihuhqfhv/ exw kh grhv lw rqo| rq vrph sdluv ri dowhuqdwlyhv +lq wkh rwkhu
fdvhv kh lv qrw deoh wr ghflgh/ ru kh kdv orvw wklv lqirupdwlrq, vr wkdw wkh
hohphqwv iru zklfk qr uhodwlrq lv nqrzq duh frqvlghuhg lqgl￿huhqw lq rughu
wr rewdlq d frpsohwh elqdu| uhodwlrq1 Zklfk vkrxog eh wkh lghdo suhihu0
hqfh +rughu, ri wkh djhqwB1 Lq jhqhudo/ lw lv srvvleoh wr ￿qg gl￿huhqw rughuv
zklfk frxog eh frqvlghuhg dv wkh ruljlq ri d elqdu| uhodwlrq1 Wkh qrwlrq ri
frpsdwleoh rughu irupdol}hv zlwk wklv lghd143
Gh￿qlwlrq 8 Jlyhq d elqdu| uhodwlrq ￿ gh￿qhg rq D/d qr u g h u"￿ lv vdlg
wr eh frpsdwleoh zlwk ￿ li
{ " | , { "￿ |
O h wx vg h q r w he |￿+￿, wkh vhw ri rughuv zklfk duh frpsdwleoh zlwk wkh
elqdu| uhodwlrq ￿1 Li d elqdu| uhodwlrq ￿ lv df|folf/ frpsdwleoh rughuv zlwk




P+D>"￿, > "￿5 ￿+￿,
Wkh qrwlrq ri frpsdwleoh rughuv lv zhoo nqrzq lq wkh olwhudwxuh +vhh/ iru
lqvwdqfh/ Edqhhumh dqg Sdwwdqdln +4<<9, zkhuh lw lv xvhg wr ghvfuleh wkh
pd{lpdo vhw ri d txdvlrughu,1 Dq dowhuqdwlyh zd| ri lqwhusuhwlqj d txd0
vlrughu ru dq df|folf uhodwlrq lv wr frqvlghu wkdw lw lv ghulyhg e| djjuhjdwlqj
vhyhudo suhihuhqfh uhodwlrqv1 Lq wklv vhqvh/ lq Prxolq +4<;8, lw lv suryhg wkdw
hyhu| txdvlrughu fdq eh zulwwhq dv wkh Sduhwr uhodwlrq ri frpsdwleoh rughuv1
Vr/ e| orrnlqj dw wkh pd{lpdo hohphqwv ri wkh frpsdwleoh rughuv zh fdq jhw
ydoxdeoh lqirupdwlrq rq krz wr vhohfw iurp wkh pd{lpdo vhw ri wkh uhodwlrq1
Lw lv reylrxv wkdw d pd{lpdo hohphqw zklfk uhpdlqv pd{lpdo lq hyhu| frp0
sdwleoh rughulqj lv d ￿jrrg￿ fdqglgdwh1 Exw wklv lv qrw wkh xvxdo fdvh +lq
idfw/ lw rqo| rffxuv zkhq wkhuh lv d xqltxh pd{lpdo hohphqw ri wkh elqdu|
uhodwlrq lq zklfk fdvh qr vhohfwlrq lv qhhghg,1 Rqh srvvleoh zd| wr rewdlq d
vhohfwlrq dprqj wkh pd{lpdo hohphqwv lv wr djjuhjdwh wkh frpsdwleoh rughuv
e| pdmrulw| yrwh1 Qrz/ zh irupdol}h wklv lghd1
Ohw ￿ eh d elqdu| uhodwlrq gh￿qhg rq D/d qo h w￿+￿,@i"￿j￿MU > ohw xv
ghqrwh e| Q+￿>{>|,@il 5 L vxfkw k d w{ "￿ |j> wkhq zh gh￿qh wkh elqdu|
uhodwlrq S dv=
{S|+, &Q+￿>{>|, A &Q+￿>|>{,
+zkhuh &V vwdqgv iru wkh fduglqdo ri wkh ￿qlwh vhw V,/ dqg wkh zhdn uhodwlrq
U lv jlyhq e|
{U|+, &Q+￿>{>|, ￿ &Q+￿>|>{,^ 4 ‘
Uhodwlrq S lv qrw/ lq jhqhudo +zkhq hyhu| srvvleoh idplo| ri rughuv fdq
eh frqvlghuhg,/ dq df|folf uhodwlrq vr wkh h{lvwhqfh ri pd{lpdo hohphqwv
ri S fdq qrw eh hqvxuhg1 Lq rxu fdvh/ vlqfh zh duh frqvlghulqj doo wkh
frpsdwleoh rughuv zlwk dq df|folf uhodwlrq/ lw zloo hqvxuh wkdw wkh vhw ri
pd{lpdo hohphqwv ri S lv qrqhpsw|1 Wkhvh pd{lpdo hohphqwv zloo eh fdoohg
vwurqj pd{lpdov ri wkh uhodwlrq ￿144
Gh￿qlwlrq 9 Ohw ￿ eh d frpsohwh dqg uh h{lyh elqdu| uhodwlrq gh￿qhg rq
D1 Lw lv vdlg wkdw dq hohphqw {W lv dq vwurqj pd{lpdo li {W 5 P+D>U,/
zkhuh U lv wkh pdmrulw| uhodwlrq gh￿qhg e| ^4‘1
Zh zloo ghqrwh e| VP+D>￿, wkh vhw ri vwurqj pd{lpdo hohphqwv1 Lq
H{dpsoh 5/ wkh pdmrulw| uhodwlrq gh￿qhg e| ^4‘ |lhogv wkh rughu
eSdSfShSg
dqg wkhq VP+D>￿,@iej ’ XP+D>￿,@P+D>￿,@id>ej=
Ehiruh surylqj rxu uhvxow rq wkh h{lvwhqfh ri vwurqj pd{lpdo hohphqwv/
ohw xv frqvlghu vrph surshuwlhv ri wkh pdmrulw| uhodwlrq S1 Iluvw/ lw pxvw
eh phqwlrqhg wkdw wkh idplo| ri frpsdwleoh rughuv zlwk dq df|folf uhodwlrq
￿ frlqflghv zlwk wkrvh zklfk duh frpsdwleoh zlwk lwv wudqvlwlyh forvxuh ""1
Wklv idfw hqdeohv xv wr zrun zlwk txdvlrughuv lqvwhdg ri df|folf uhodwlrqv/ dqg
wkhuhiruh dq| uhvxow rq wkh h{lvwhqfh ri vwurqj pd{lpdo hohphqwv zh rewdlq
lq wklv fdvh/ lv lpphgldwho| wuxh iru wkh jhqhudo fdvh ri df|folf uhodwlrqv1 Rq
wkh rwkhu kdqg/ li zh orrn dw S dv d zd| ri dvvrfldwlqj d elqdu| uhodwlrq S+￿,
wr hyhu| df|folf uhodwlrq ￿/ lw lv hdv| wr suryh wkdw S vdwlv￿hv prqrwrqlflw|
dqg qhxwudolw|=
Prqrwrqlflw|= li ￿ dqg ￿￿frlqflgh rq D￿i dj dqg
d " } , d "￿ }> d ￿ } , d ￿￿ } wkhq
dS +￿, } , dS+￿￿, }
Qhxwudolw|= iru dq| shupxwdwlrq ￿ ri D
dU +￿j, e / ￿3￿+d, U+￿, ￿3￿+e,
zkhuh ￿j lv gh￿qhg dv xvxdoo|= d ￿j e / ￿3￿+d, ￿ ￿3￿+e,=
Lq wkh qh{w uhvxow zh suryh wkdw df|folflw| dovr hqvxuhv wkh h{lvwhqfh ri
vwurqj pd{lpdov1
Sursrvlwlrq 6 Ohw ￿ eh d frpsohwh dqg uh h{lyh elqdu| uhodwlrq gh￿qhg
rq wkh +￿qlwh, vhw D1 Wkhq/ li wkh elqdu| uhodwlrq lv df|folf wkh vhw ri vwurqj
pd{lpdov lv qrqhpsw|1
Surri1 Zlwkrxw orvv ri jhqhudolw| zh zloo dvvxph wkdw wkh uhodwlrq ￿ lv d
txdvlrughu +lq rwkhu fdvh/ zh zloo frqvlghu lwv wudqvlwlyh forvxuh,1 Wkhq/ wkh
ixqfwlrq x+{,@& O+{,> zkhuh45
O+{,@i} 5 D vxfk wkdw { " }j
lv d zhdn0xwlolw| ixqfwlrq +l1h1/ { " | , x+{, Ax +|,, dqg hyhu| dowhuqdwlyh
zklfk pd{lpl}hv wklv ixqfwlrq lv d pd{lpdo hohphqw1 Ohw {W eh dq dowhuqd0
wlyh pd{lpl}lqj wklv ixqfwlrq1 Zh duh jrlqj wr suryh wkdw {W 5 VP+D>￿,=
Li qrw/ wkhuh lv vrph } 5 D vxfk wkdw } S {W= Dv {W lv d pd{lpdo hohphqw/
wkhq {W ￿ }> li wkh vwulfw suhihuhqfh lv ixo￿oohg/ wkhq hyhu| frpsdwleoh rughu
sxwv {W ehiruh }> vr {W S} >d frqwudglfwlrq> li {W ￿ }/ dv {W pd{lpl}hv
ixqfwlrq x+{,/ zh kdyh wzr srvvlelolwlhv=
4, x+{W, @ x+},> ohw O+{W,@i{￿>===>{&j>O+},@i}￿>===>}&j dqg frqvlghu
d shupxwdwlrq ￿ zklfk wudqvodwhv O+{W, rq O+},/ ohdylqj lqyduldqw wkh rwkhu
dowhuqdwlyhv1 Dv wkh qxpehu ri frpsdwleoh rughuv zlwk ￿ duh wkh vdph dv
wkh rqhv frpsdwleoh zlwk ￿j +rqo| fkdqjlqj wkh srvlwlrq ri {W>}>{ ￿>} ￿,/ wkh
pdmrulw| uhodwlrq zloo jlyh {W Sj }/ exw wklv frqwudglfwv qhxwudolw|/ vlqfh
￿+{W,@{W>￿+},@}=
5, x+{W, Ax +},>o h wO+{W,@i{￿>===>{ &>|￿>===>|Rj>O+},@i}￿>===>}&j>
zkhuh i|￿c===>|Rj_O+},@>= Ehlqj wkh uhodwlrq d txdvlrughu/ dqg {W ￿ }/ lw
pxvw eh |￿ ￿ }/ iru doo l1 Frqvlghu qrz wkh elqdu| uhodwlrq ￿￿ gh￿qhg iurp
￿ e| wdnlqj } "￿ |￿ >l@ 4>===>s=E| dsso|lqj prqrwrqlflw|/ }S +￿￿, {W dqg
zh fdq uhdvrq dv lq fdvh 41
Qrwh wkdw wkh surri ri wkh suhylrxv sursrvlwlrq surylghv dq hdv| zd|
ri rewdlqlqj vwurqj pd{lpdo hohphqwv= e| pd{lpl}lqj wkh ixqfwlrq x+{,1
Wkh iroorzlqj sursrvlwlrq suryhv wkdw vwurqj pd{lpdov duh d vhohfwlrq ri wkh
xqgrplqdwhg pd{lpdov dqg/ wkhuhiruh/ d vhohfwlrq ri wkh pd{lpdo hohphqwv1
Sursrvlwlrq 7 Ohw ￿ eh d frpsohwh/ uh h{lyh dqg df|folf elqdu| uhodwlrq
gh￿qhg rq wkh +￿qlwh, vhw D1 Wkhq/
VP+D>￿, ￿ XP+D>￿,=
Surri1 Ohw {W 5 VP+D>￿, dqg vxssrvh {W @ 5 XP+D>￿,1 Li {W lv qrw
d pd{lpdo hohphqw/ wkhq wkhuh lv vrph } 5 D vxfk wkdw } " {W/ exw wklv
lpsolhv }S{ W/ d frqwudglfwlrq1 Rq wkh rwkhu kdqg/ li wkhuh lv vrph } 5 D
vxfk wkdw }G{ W> wkhq } jhwv d ehwwhu srvlwlrq zlwk uhvshfw wr dq| rwkhu
hohphqw wkdq {W jhwv/ vr lq wkh frpsdwleoh rughuv wkh pdmrulw| uhodwlrq zloo
jlyh }S{ W/ d frqwudglfwlrq1
Lq jhqhudo/ vwurqj pd{lpdo hohphqwv duh qrw htxlydohqw/ dv wkh iroorzlqj
h{dpsoh vkrzv1 Vr/ wkh htxlydohqfh qrwlrq pxvw eh zhdnhqhg li zh wu| wr
vhohfw vrph nlqg ri htxlydohqw hohphqwv lq wkh jhqhudo fdvh146
H{dpsoh 6 Ohw D @ id>e>f>gj dqg wkh elqdu| uhodwlrq +txdvlrughu, ￿ gh0
￿qhg e|=
d " f>e " g
+ehlqj lqgl￿huhqfhv wkh qrq phqwlrqhg uhodwlrqvklsv,1 Wkhq/
P+D>￿,@XP+D>￿,@VP+D>￿,@id>ej>
dowkrxjk d dqg e duh qrw htxlydohqw hohphqwv1
Gh￿qlwlrq : Ohw ￿ eh d elqdu| uhodwlrq gh￿qhg rq D/ dqg ohw {>| 5 D1L w
lv vdlg wkdw { dqg | duh zhdn0htxlydohqw hohphqwv li wkhuh lv d shupxwdwlrq
￿ ri D/ vxfk wkdw iru doo } 5 D ￿
{ " } li dqg rqo| li | " ￿+},
{ ! } li dqg rqo| li | ! ￿+},
Lq zrugv/ wzr hohphqwv duh zhdn0htxlydohqw li erwk duh suhihuuhg/ ohvv
suhihuuhg dqg lqgl￿huhqw wr wkh vdph qxpehu ri dowhuqdwlyhv1 Lq wkh qh{w
uhvxow zh suryh wkdw vwurqj pd{lpdov duh zhdn0htxlydohqw hohphqwv1
Sursrvlwlrq 8 Ohw ￿ eh d frpsohwh dqg uh h{lyh elqdu| uhodwlrq gh￿qhg
rq wkh +￿qlwh, vhw D1 Wkhq/ li ￿ lv d txdvlrughu/ wkh vwurqj pd{lpdov duh
zhdn0htxlydohqw hohphqwv1
Surri1 Zh duh jrlqj wr suryh wkdw li {W>}W duh vwurqj pd{lpdov/ wkhq
x+{W,@x+}W,> zkhuh x+{, lv wkh zhdn xwlolw| ixqfwlrq xvhgl qw k hs u r r ir i
Sursrvlwlrq 61 Li wklv lv qrw wkh fdvh/ ohw
O+}W, @ i}￿>===>}&j> O+{W,@i{￿>===>{ &>zj>z @ 5 O+}W,
Wkhq/ iru hyhu| frpsdwleoh rughu lq ￿+￿, vxfk wkdw }W "￿ {W>
x￿ "￿ === "￿ xR "￿ }W "￿ y￿ "￿ === "￿ yr "￿ {W "￿ |￿ "￿ === "￿ |o
lw lv srvvleoh wr ￿qg dq rughu "￿5 ￿+￿, zklfk uhyhuvhv wkh uhodwlrq ehwzhhq
{W dqg }W/ e| shupxwlqj wkh dowhuqdwlyhv }￿>}W e| {￿>{ W1 Exw iru wkh wzr
fodvvhv ri frpsdwleoh rughuv ri wkh irup=
{W "￿ z "￿ }W
{W "2 }W "2 z47
zklfk sxw {W dkhdg ri }W/ rqo| rqh fdq eh irxqg zklfk uhyhuvhv wkh srvlwlrq
ri {W dqg }W> ehfdxvh {W " z
}W "￿ {W "￿ z
dqg wkhq {W S} W/ d frqwudglfwlrq1 Wkhq x+{W,@x+}W,> dqg
O+}W,@i}￿>===>} &j> O+{W,@i{￿>===>{&j
E| frqvlghulqj d shupxwdwlrq zklfk wudqvirupv O+}W, rq O+{W,/ wkhvh hoh0
phqwv wxuq rxw wr eh zhdn0htxlydohqwv1
Lw pxvw eh phqwlrqhg wkdw wkh suhylrxv sursrvlwlrq lv dovr ydolg iru
df|folf elqdu| uhodwlrqv/ vlqfh/ rq wkh rqh kdqg/ wkh pd{lpdo hohphqwv ri dq
df|folf uhodwlrq frlqflgh zlwk wkrvh ri lwv wudqvlwlyh forvxuh +d txdvlrughu,/
dqg/ rq wkh rwkhu kdqg/ wkh frpsdwleoh rughuv zlwk dq df|folf uhodwlrq duh
wkrvh zklfk duh frpsdwleoh zlwk lwv wudqvlwlyh forvxuh1
8 Frqfoxvlrqv
Lq wkh qh{w uhvxow zh dqdo|}h wkh uhodwlrqvkls ehwzhhq pd{lpdo/ Oxfh*v
pd{lpdo/ xqgrplqdwhg pd{lpdo dqg vwurqj pd{lpdo hohphqwv e| ghshqglqj
rq wkh w|sh ri uhodwlrq zh frqvlghu1
Wkhruhp 6 Ohw ￿ eh d frpsohwh dqg uh h{lyh elqdu| uhodwlrq gh￿qhg rq
wkh +￿qlwh, vhw D1 Wkhq/
d, Li ￿ lv df|folf/ P+D>￿, ￿ XP+D>￿, ￿ VP+D>￿,
e, Li ￿ lv dq lqwhuydo0rughu/ P+D>￿, ￿ XP+D>￿,@VP+D>￿,
f, Li ￿ lv d vhplrughu/ P+D>￿, ￿ OP+D>￿,@XP+D>￿,@VP+D>￿,
g, Li ￿ lv d suhrughu/ P+D>￿,@OP+D>￿,@XP+D>￿,@VP+D>￿,
Surri1 Sduw d, lv Sursrvlwlrq 71 Lq rughu wr suryh sduw e, zh rqo| qhhg
wr vkrz wkdw hdfk xqgrplqdwhg pd{lpdo lv vwurqj pd{lpdo1 Wr suryh lw/
frqvlghu wzr xqgrplqdwhg pd{lpdov> wkhq/ dv suryhg lq Sursrvlwlrq 5/ wkhvh
hohphqwv duh htxlydohqw/ vr wkh ixqfwlrq x+{, frlqflgh rq wkhvh hohphqwv dqg
erwk pd{lpl}h lw/ vr wkh| duh vwurqj pd{lpdov1 Dv vhplrughu lv d vwurqjhu
frqglwlrq wkdq lqwhuydo0rughu/ lq rughu wr suryh sduw f, zh rqo| qhhg wr
hqvxuh
OP+D>￿, @ XP+D>￿,
Ohw {W 5 OP+D>￿,> li {W @ 5 XP+D>￿, wkhuh lv vrph } vxfk wkdw }G{ W/
wkdw lv/48
} " d ￿ {W ru } ￿ d " {W iru vrph d 5 D
Lq erwk fdvhv/ } "W {W/ d frqwudglfwlrq1 Rq wkh rwkhu kdqg/ li zh frqvlghu
{W 5 XP+D>￿, dqg vxssrvh {W @ 5 OP+D>￿,> wklv lpsolhv wkh h{lvwhqfh ri
vrph } vxfk wkdw=
} " {W ru } ￿ | " {W ru } " | ￿ {W
Wkh ￿uvw wzr srvvlelolwlhv frqwudglfw wkdw {W lv d pd{lpdo hohphqw1 Lq wkh
wklug fdvh/ dv {W 5 XP+D>￿,/ wkhuh lv vrph d 5 D vxfk wkdw {W " d ￿ } ru
{W ￿ d " }> lq wkh ￿uvw fdvh zh rewdlq {W " |> zklfk lv qrw srvvleoh/ dqg lq
wkh vhfrqg zh kdyh
d " } " |d q g{ W ￿ }>{ W ￿ d>{W ￿ |
zklfk frqwudglfwv wkdw ￿ lv d vhplrughu1
Ilqdoo|/ sduw g, lv reylrxv iurp wkh idfw wkdw d suhrughu lv d vhplrughu
vxfk wkdw uhodwlrq ￿Wfrlqflghv zlwk ￿ =
Wkurxjkrxw wklv sdshu/ vhyhudo frqvlghudwlrqv derxw wkh pd{lpdo hoh0
phqwv ri d elqdu| uhodwlrq kdyh ehhq pdgh dqg e| phdqv ri vrph h{dpsohv
lw kdv ehhq vkrzq wkdw d vhohfwlrq ri wkh pd{lpdo hohphqwv lv qhhghg lq
rughu wr fkrrvh wkrvh/ dprqj wkh pd{lpdov/ zklfk kdyh ￿ehwwhu surshuwlhv￿1
Li wkh elqdu| uhodwlrq lv d frpsohwh suhrughu/ hyhu| pd{lpdo hohphqw kdv
wkh vdph ehkdylru zlwk uhvshfw wr wkh rwkhu dowhuqdwlyhv1 Vr/ lq wklv fdvh/ li
zh qhhg wr vhohfw vrph hohphqwv ri wkh pd{lpdo vhw/ rqo| d udqgrp surfhvv
fdq eh dssolhg1 Li wkh elqdu| uhodwlrq lv d vhplrughu/ wkh zd| sursrvhg lq
Oxfh +4<89, iru fkrrvlqj dprqj wkh pd{lpdov lv dghtxdwh wr vhohfw htxlyd0
ohqw hohphqwv1 Zlwk d vlplodu sxusrvh zh gh￿qh wkh xqgrplqdwhg pd{lpdov/
dv d zd| ri vhohfwlqj htxlydohqw hohphqwv dprqj wkh pd{lpdo rqhv dqg wr
holplqdwh wkrvh pd{lpdov zklfk kdyh vrph rwkhu dowhuqdwlyhv grplqdwlqj
wkhp1 Xqgrplqdwhg pd{lpdov duh vshfldoo| dghtxdwh zkhq wkh elqdu| uhod0
wlrq lv dq lqwhuydo0rughu1 Zkhq wkh elqdu| uhodwlrq lv pruh jhqhudo/ d pruh
glvfulplqdwlqj vhohfwlrq kdv ehhq lqwurgxfhg= vwurqj pd{lpdov/ dqg dq hdv|
zd| wr frpsxwh wkhp lv jlyhq +e| pd{lpl}lqj d uhdo ydoxhg ixqfwlrq,1 Iru
txdvlrughuv dqg df|folf uhodwlrqv/ wkh h{lvwhqfh ri vwurqj pd{lpdov kdv ehhq
surylghg/ dqg d zhdn0htxlydohqfh dprqj wkhvh hohphqwv kdv ehhq vkrzq1
Rq wkh rwkhu kdqg/ dv zh kdyh vkrzq lq Wkhruhp 6/ li wkh elqdu| uhodwlrq
lv dq lqwhuydo0rughu/ wkhq xqgrplqdwhg dqg vwurqj pd{lpdov frlqflgh1 Vr
wkh wzr srvvleoh lqwhusuhwdwlrqv +wkrvh pd{lpdov zklfk duh qrw grplqdwhg
e| dq| rwkhu dowhuqdwlyh> dqg wkrvh pd{lpdov zklfk duh wkh zlqqhuv lq49
d pdmrulw| jdph dprqj dq| frpsdwleoh rughu, fdq eh xvhg wr gh￿qh wkh
xqgrplqdwhg pd{lpdov ri dq lqwhuydo0rughu14:
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